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Like other critical phenomena, the jamming transition
accompanies the divergence of the relaxation time. A
recent numerical study of frictionless spherical particles
proves that the relaxation time is inversely proportional
to the lowest non-zero eigenvalue λ1 of the dynamical
matrix1. In this note, we derive the scaling of λ1 below
the jamming transition point. We show that the resultant
critical exponent agrees with a previous theoretical result
for sheared suspension2.
We consider a system consisting ofN frictionless spher-
ical particles in d-dimensions interacting with the follow-
ing potential:
V =
∑
i<j
h2ij
2
θ(−hij), hij = |xi − xj | − σi + σj
2
, (1)
where xi = {x1i , · · · , xdi } and σi denote the position and
diameter of the i-th particles, respectively. We consider
a quench dynamics described by the zero temperature
Langevin dynamics without inertia:
∂txi(t) = −∇iV. (2)
For a long time, one observes an exponential de-
cay δxi(t) ∼ e1i e−λ1t where λ1 and e1i respectively
denote the lowest non-zero eigenvalue and eigenvec-
tor of the Hessian Hi,j ≡ ∇i∇jV at the steady
state. The energy also shows the exponential decay
V ∼∑ij δxi · Hij · δxj/2 ∼ λ1e−2λ1t. From this equa-
tion, it follows that
λ1 = − lim
t→∞
∂tV
2V
= lim
t→∞
1
N
N∑
i=1
F 2i , (3)
where we have defined
Fi =
∑
j 6=i
nijfij , fij = −hijθ(−hij)√〈h2〉 ,〈
h2
〉
=
1
N
∑
i<j
h2ijθ(−hij), nij =
xi − xj
|xi − xj | . (4)
At the jamming transition point, the model barely sat-
isfies Maxwell’s stability criterion: the number of con-
straint Nc imposed by the contacts of constituent par-
ticles is Nc = Nf + 1, where Nf denotes the number of
degrees of freedom without the global translations and ro-
tations3. The deficit contact number δz ≡ (Nf −Nc)/N
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represents the proximity to the jamming transition point:
δz ≥ 0 below the jamming transition point, and δz =
−1/N at the jamming transition point. Hereafter we de-
termine the scaling of λ1 for δz  1.
Motivated by the numerical observations1,3, we make
the following three assumptions: (i) the exponential de-
cay in the long time limit does not depend on the initial
configuration as long as the contact number at the steady
state is unchanged, (ii) the eigenvector of λ1, e
1
i , is ex-
tended when the system is isostatic Nc = Nf , and (iii)
the power-law scaling λ1 ∼ δzβ persists up to δz ∼ 1/N .
The assumption (i) allows us to construct an initial
configuration by decompressing the configuration at the
jamming transition point. At the jamming transition
point, the system satisfies the mechanical equilibrium
Fi = 0. Now, to get a configuration just below jam-
ming, we decompress the system until the system loses
the weakest contact, say f12. This breaks the force bal-
ance of i = 1 and j = 2 particles:
Fi(0) = (δi2 − δi1)n12f12. (5)
The typical amplitude of f12 can be estimated as follows.
First, it is known that at the jamming transition point,
the distribution of the contact force fij follows the power-
law scaling:
P (f) ∼ fθ, (6)
with θ = 0.4234 (we neglect the localized contacts which
only gives the sub-leading contribution to the present
argument2). Then, by using the extreme statistics, the
typical amplitude of f12 is calculated as∫ f12
0
P (f)df ∼ 1
N
→ f12 ∼ N− 11+θ . (7)
In the long time limit, Fi(t) ∝ x˙i(t) converges to the
eigenvector of λ1, suggesting that only the component
parallel to e1i survives
lim
t→∞Fi(t) ∝
∑
j
e1j · Fj(0)
 e1i . (8)
Substituting this into Eq. (3) and using the normalization
condition
∑
i(e
1
i )
2 = 1, we get
λ1 ∼ 1
N
[∑
i
e1i · Fi(0)
]2
=
1
N
[
(e11 − e12) · n12f12
]2
.
(9)
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FIG. 1. Scaling of the relaxation time τ . Markers de-
note numerical results. Solid line denotes τ ∼ (λ2d1 )−1 ∼
δz−3.41 |log δz|−2, and dashed line denotes τ ∼ λ−11 ∼ δz−3.41.
Data for numerical results are reproduced from Ref.7.
Te extensiveness of e1i (assumption (ii)) requires
∣∣e1i ∣∣ ∼
N−1/2, which leads to
λ1 ∼ 1
N2
f212 ∼ N−
4+2θ
1+θ . (10)
Finally, the assumption (iii) allows us to replace N−1
with δz, leading to
λ1 ∼ δzβ , (11)
with the critical exponent
β =
4 + 2θ
1 + θ
= 3.41. (12)
This is consistent with the result derived for sheared sus-
pensions2. It is believe that the upper critical dimension
of the jamming transition is duc = 2
3. In d = duc, the
mean-field theory asymptotically gives the exact result,
but there can still be a logarithmic correction5,6:
λ2d1 ∼ δzβ |log δz|α . (13)
There is currently no theoretical prediction for the value
of α, but α can be used as a fitting parameter.
In Fig. 1, we compare our theoretical prediction and
recent numerical results for the relaxation time τ7, which
is inversely proportional to λ1
8. We find that the numer-
ical results in d = 3 are well fitted by Eq. (11), while the
results in d = 2 are fitted by Eq. (13) with α = 2.
In summary, we derived the scaling law of the first non-
zero eigenvalue λ1, which controls the relaxation time as
τ ∼ λ−11 . The result well agrees with the recent numerical
result in d = 3, while the logarithmic correction is neces-
sary to fit the data in d = 2. An important future work
is to justify the current phenomenological argument by
solving the exact dynamical mean-field equation9. Fur-
thermore, it is highly desirable to perform a dynamical
renormalization group analysis to calculate the correction
to scaling to the mean-field result at duc.
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